
47802 – Fall 2015

Final

90 minutes

Instructions: The duration of the exam is 90 minutes. The total amount of points for

this exam is 100. You are not allowed to use books, notes, calculators etc. You can keep the

question sheet.

1. Neoclassical Growth Model with Technological Growth. (40 points)

Consider the following planning problem in sequential form:

max
(ct,kt+1)

∞∑
t=0

βt
c1−σt

1− σ
s.t.

ct + kt+1 ≤ θkαt A
1−α
t + (1− δ)kt,

k0 given.

In this problem k0 is the initial level of capital, α, β ∈ (0, 1), θ, σ > 0 are parameters.

At is technology parameter, which grows at a constant rate (1 + g). We normalize

A0 = 1.

(a) (10 points) This problem is not time-stationary, meaning that the constraint set

(production function) is changing over time. Redefine the variables in this maxi-

mization problem so that it becomes a time-stationary problem. State a condition

that you need to make sure that the discount factor in the new problem is lower

than 1.

(b) (5 points) Write down the associated Bellman equation for the detrended model.

(c) (20 points) Assume from now on that δ = 1 and σ = 1, in this case u(c) = log c.

Use the method of guess and verify to compute the value and policy functions

of the detrended model. (Hint: Guess that the value function has the form

v(k̃) = a1 + a2 log k̃.)
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(d) (5 points) Write down a condition that guarantees that the detrended model has

a steady-state. What can you say about the time series of ct, kt, yt (where yt is

output) in the original economy if the detrended economy is at a steady-state?

2. A Ramsey Problem with Technological Growth. (60 points)

Consider a world with one representative consumer, one representative firm and a gov-

ernment. The government uses capital income taxes {τkt}∞t=0 and labor income taxes

{τnt}∞t=0 to finance an exogenously given stream of expenditures {gt}∞t=0. The govern-

ment is NOT required to balance its budget every period. The firm operates a CRS

production technology Ft(kt, nt) = kαt (At · nt)1−α to produce the output good. Here,

At is labor augmenting technology, which grows at a constant rate (1 + g). We nor-

malize A0 = 1. The initial stock of capital, k0, is given. Capital depreciates at rate

δ. Preferences of the representative consumer are given by
∑∞

t=0 β
tu(ct, lt). The total

amount of time is normalized to 1. The consumer can either work, nt, or enjoy leisure,

lt. Thus the time constraint is nt + lt ≤ 1.

(a) (10 points) Define carefully the tax distortive competitive equilibrium (TDCE).

(b) (4 points) What is the non-arbitrage condition (NAC) for this economy? Hint:

This is the condition that says people are indifferent between investing and not

investing.

(c) (2 points) What is the transversality condition (TVC)?

(d) (8 points) Use the TVC along with the NAC to simplify the consumer budget

constraint to:∑
t

[ptct − (1− τnt)wtnt] ≤ (1− τk0)r0k0 + (1− δ)p0k0.

(e) (4 point) Derive the intratemporal optimality condition.

(f) (2 point) Normalize prices so that p0 = 1 and express pt in terms of quantities.
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(g) (6 points) Use your results above to derive the implementability constraint (IC)

for the Ramsey problem.

Assume that u(c, l) = c1−σ

1−σ · v(l) from now on.

(h) (2 points) A Balanced Growth Path for this economy is a competitive equilibrium

such that ct, kt, yt grow at a constant rate (1 + g) and labor nt, leisure lt are

constant. What should be true about the policy sequences {τkt, τnt, gt} so that

the economy can be in a balanced growth path?

(i) (12 points) Suppose that the solution to the Ramsey problem you defined above

is at the balanced growth path. Write down the Ramsey problem. Show that at

the balanced growth path the optimal τk = 0.

(j) (6 points) Assume that u(c, l) = log c + v(l). Show that the optimal tax rate on

capital τ ∗kt = 0, ∀t ≥ 2.

(k) (4 points) Suppose there is a restriction on the taxes that government can choose

that says τkt = τkt+1, for all t ≥ 1. Write down the corresponding Ramsey planning

problem. (Don’t solve it!)
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