
47802 - Macroeconomics I – Fall 2015

Problem set 1

Due November 17rd

Graded Problems

Problem 1

Equivalence between dynamic and static profit maximization. (10 points)

Prove the following Theorem discussed in class. You are not allowed to assume that F
is differentiable.

Theorem:
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Problem 2

Characterizing Pareto optimal allocations. (20 points)

Consider the general macroeconomic model we discussed in class (with I consumers, Jc
consumption firms, and Jx consumption firms). Assume:

(F1) F j
ct and F j

xt is continuous, strictly increasing, strictly quasi-concave, weakly concave
and F j

t (0) = 0 for all j and t,

(F2) F j
ct and F j

xt is CRS for all j and t,

(HH1) ui is continuous, strictly increasing and strictly concave for all i, and

(HH2) endowments are strictly positive, i.e. ∀i, t : n̄i
t > 0,∀i : k̄i0 > 0.

1. (5 points) Define formally the set of all feasible allocations and denote it Z and show
that Z is convex.

This version: November 9, 2015 1 Prof. Hakki Yazici



47802 - Macroeconomics I – Fall 2015

2. (5 points) Define formally the set of Pareto efficient allocations.

3. (10 points) Consider an allocation z ∈ Z and assume that z is interior, in the sense
that cit, l

i
t > 0,∀i, t.

Prove the following theorem.

Theorem: z is Pareto efficient ⇐⇒ for some set of weights λi > 0,∀i, z solves the
following Social Planning Problem:

max
z∈Z

I∑
i=1

λi

∞∑
t=0

βtui(cit, l
i
t)

Problem 3

Homothetic aggregation. (30 points)

Consider the following static pure endowment economy (i.e. no production). There are
I consumers and 2 goods (apples and oranges). Preferences of each consumer are given by
an increasing (i.e., if c2a > c1a, c

2
o > c1o, then u(c2a, c

2
o) > u(c1a, c

1
o)) homothetic utility function

u(ca, co). Endowments are {eia, eio}i=1,...,I , all strictly positive. Prices are denoted by pa andpo.

1. Define competitive equilibrium for this economy.

2. Is the competitive equilibrium allocation unique? If so, prove it. If not, provide a
counterexample.

3. Is the equilibrium price ratio unique? If so, prove it. If not, provide a counterexample.

4. Prove formally that if an optimal choice for agent i, i.e., cia, c
i
o satisfies cia/c

i
o = K,

then an optimal choice of agent j satisfies K = cja/c
j
o. You are not allowed to use any

unproved results (propositions, lemmas, etc.).

5. Provide an example of a (non-homothetic) utility function for which the above state-
ment is not true.

Now consider an alternative economy which has only 1 consumer and 2 goods (apples
and oranges). Preferences of this consumer are given by (the same utility function as
above) u(ca, co) and her endowments are the aggregate endowments from part above,
i.e.

∑
i e

i
a and

∑
i e

i
o.
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6. Show that the aggregate consumption of apples an oranges are the same in the two
economies.

7. Suppose that the utility function is differentiable and homogeneous of degree α. Show
that if pa/po is the equilibrium price ratio in the economy with 1 consumer, then it
is also an equilibrium price ratio in the economy with I consumers. Note that this
implies that if we are only interested in relative prices and aggregate quantities, we
can solve problem (b) with one consumer instead of solving problem (a) with many
consumers.

Problem 4

Pareto efficient allocations and welfare theorems. (40 points)

Consider the following pure endowment economy. There are 2 consumers and 2 goods,
apples and oranges. Both consumers have the same preferences u(ca, co) = log(ca) + log(co).
Initial endowments are e1a = 1, e1o = 6, e2a = 3, e2o = 2.

1. Define the competitive equilibrium for this economy and compute it.

2. Define the set of Pareto efficient allocations for this economy. You do not need to
characterize it yet.

3. Now consider the following problem:

max
c1a,c

2
a,c

1
o,c

2
o

α
[
log(c1a) + log(c1o)

]
+ (1− α)

[
log(c2a) + log(c2o)

]
s.t.

c1a + c2a = e1a + e2a
c1o + c2o = e1o + e2o

Solve for the allocations as functions of α, i.e. find c1a(α), c2a(α), c1o(α), c2o(α). The
solution is the set of Pareto efficient allocations.

4. First Welfare Theorem: find the weight α for which the Pareto efficient allocation
coincides with the competitive equilibrium allocation?

5. Second Welfare Theorem: for which weight α is the Pareto efficient allocation c1a =
1, c1o = 2, c2a = 3, c2o = 6? Propose an economy with transfers and show that this
allocation can be attained as competitive equilibrium given these transfers and prices.
Determine the equilibrium prices as well the value of transfers.
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Not Graded Problems

Problem 5

Simple Exchange Economy

Consider the simple exhange economy we discussed in class. There are i = 1, 2 infinitely
lived consumers and each consumer receives eit units of endowments every period. An alloca-
tion in this environment is {{cit}∞t=0}i=1,2 Suppose each agent’s preference for a consumption
sequence {cit}∞t=0 is given by the following time-separable utility function:

∞∑
t=0

βtlog(cit).

1. Define carefully an Arrow-Debreu competitive equilibrium for this economy.

2. Define the set of feasible allocations for this economy.

3. Define the notion of Pareto efficiency (optimality) for this economy.

4. State the First Welfare Theorem for this economy.

5. Prove the First Welfare Theorem for this economy.

6. State the Second Welfare Theorem. Does it apply to this economy?

7. Define carefully a Sequential Markets competitive equilibrium for this economy.

8. State a theorem that establishes the equivalence of AD and SM equilibria. Prove it.

9. Suppose the endowment sequences satisfy:

e1t = Yt and e2t = 0 if t is even, and
e1t = 0 and e2t = Yt if t is odd.

Suppose Yt = 2 for all t. Compute AD and SM equilibria. How do prices {pt}∞t=0in
AD equilibrium change over time? What’s the implication for the interest rates in SM
equilibrium?

10. (Second welfare theorem) Find the level of lump-sum transfers T 1 and T 2 such that
T 1 + T 2 = 0 and in AD equilibrium cit = 1 for all t and i.

11. Propose a sequence of aggregate income, {Yt}∞t=0, at which prices remain constant over
time.
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Problem 6

Irrelevance of investment for households at equilibrium prices

Consider the general macroeconomic model we discussed in class (with I consumers, Jc
consumption firms, and Jx consumption firms). Suppose all the non-negativity constraints in
the households problem are slack in equilibrium. Prove that, assuming a boundary condition
holds, consumer i′s budget constraint can be reduced to

∞∑
t=0

pctc
i
t ≤

∞∑
t=0

[wtn
i
t + (1− δ)trtki0].
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