
47802 - Macroeconomics I – Fall 2015

Problem set 2

Due November 24th

Graded Problems

Problem 1

Convergence of Value Function under Bounded Returns (30 points)

Consider the operator T defined by

(Tf)(x) = max
y∈Γ(x)

F (x, y) + βf(y). (1)

Assume A.4.3 and A.4.4 in SLP hold.

1. (5 points) Let C(X) denote the space of bounded and continuous functions f : X → R
endowed with the sup norm. Use the Theorem of Maximum to show that T maps C(X)
onto itself (Show explicitly that all the assumptions of the Theorem of Maximum are
satisfied).

2. (10 points) Prove that the operator T satisfies Blackwell’s sufficient conditions for a
contraction.

3. (5 points) Use the Contraction Mapping Theorem to show that T has a unique fixed
point v ∈ C(X) and that for all v0 ∈ C(X), ||T nv0 − v|| ≤ βn||v0 − v||, n = 0, 1, 2...

4. (5 points) Argue that the unique fixed point v attains supremum in the sequence
problem.

5. (5 points) Can the functional equation have other solutions outside of C(X)?

Problem 2

Guess and Verify (20 points)

Consider the one-sector inelastic labor supply growth model considered in class. Suppose
u(c) = log(c), and F (k, n) = kαn1−α and δ = 1.
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1. Use the guess and verify method to solve the corresponding functional equation. Hint:
Guess that value function has the form v(k) = A + Blog(k) and then find the values
A and B.

2. Show that your solution v(k) is actually the solution to the sequence problem.

Problem 3

Policy Function Iteration (25 points)

Consider the same growth problem as in Problem 2.

1. (10 points) Use policy function iteration method to compute the solutions v(·) and g(·)
to the functional equation.

Hint:

(a) Guess that g0(k) = h0k
α. Use the sequence problem to compute the value v0 under

this policy.

(b) Compute g1(k) = argmaxk′{log(kα − k′) + βv0(k′)}.
(c) Check if g1(k) = g0(k). If so, convergence is attained and the optimal policy

g(k) = g1(k). Use g(k) in sequence problem to compute v(k). If not, use g1(k) as
the new guess and continue until convergence.

2. (5 points) Show that the sequence {k∗t+1}∞t=0 that is generated by the optimal policy
function g(·) actually solves the sequence problem.

3. (5 points) Show that the sequence {k∗t+1}∞t=0 satisfies the Euler equation:

u′(f(kt)− kt+1) = βf ′(kt+1)u′(f(kt+1 − kt+2).

Is {k∗t+1}∞t=0 the unique solution to the Euler equation?

4. (5 points) Show that the sequence {k∗t+1}∞t=0 satisfies the transversality condition

lim
t→∞

βtu′(c∗t )k
∗
t+1 = 0.

Is it the unique sequence satisfying both the Euler equation and the transversality
condition?
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Problem 4

Analytical Dynamic Programming with Adjustment Cost (25 points)

Consider the following problem. The revenues for a given firm at time t are given by:

R(xt) = axt −
bx2

t

2
; a, b > 0 (2)

where xt denotes its stock of capital. The cost of adjusting the capital level from xt to xt+1

are given by:

C(xt, xt+1) =
c(xt+1 − xt)2

2
; c > 0 (3)

The firm chooses a sequence {xt}∞t=0 ≥ 0 to maximize the present value of its net revenues
(i.e. revenues - costs). The firm is discounting by δ = 1

1+r
∈ (0, 1).

1. (5 points) Write the problem of the firm as a sequential problem in canonical form.

2. (5 points) Write down the corresponding Bellman equation. What are the state vari-
ables? What are the control variables?

3. (15 points) Use the guess and verify method to obtain the value function and the policy
function. (Hint: guess that v(x) = Ex+ Fx2

2
+G and derive the constants E,F,G.)

Not Graded Problems

Problem 5

One Sector Elastic Labor Supply Growth Model

Consider the growth model with elastic labor supply. Assume u(c, l) = c1−σ

1−σ v(l), where
σ > 0.

1. Write down the sequence problem in canonical form.

2. Write down the corresponding functional equation.
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