
47802 - Macroeconomics I – Fall 2015

Problem set 3

Due December 15th

Graded Problems

All questions are graded equally.

Problem 1

Balanced Growth in Labor Augmenting Elastic Labor Supply Growth Model

Consider the following social planner’s problem:

max
{ct,kt+1,nt}

∞
t=0

∞∑
t=0

βt
c1−σt

1− σ
v(1− nt) (1)

s.t.

ct + kt+1 ≤ Akαt ((1 + γ)tnt)
1−α + (1− δ)kt,

nt ∈ [0, 1] for all t, and non-negativity of all variables.

1. Drive the Euler equation for this growth problem.

For the rest of the question, assume that the economy is on a balanced growth path, meaning

ct, kt, yt all grow at constant rates γc, γk, γy and nt = n for all t.

2. Show that γc = γk = γy, and compute this common growth rate. Is this growth rate
depend endogenously on the deep parameters of the model, β, δ, σ, v(·) or α? Or is it
exogenous?
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Problem 2

A Simple Endogenous Growth Model: The Ak Model

Consider the following growth model which is identical to the standard growth model
except for production is linear in capital, f(kt) = Akt :

v∗(k0) := max
{ct,kt+1}∞t=0

∞∑
t=0

βt
c1−σt

1− σ
s.t.

kt+1 + ct ≤ (A+ 1− δ)kt
ct ≥ 0, kt ≥ 0,∀t, k0 given

1. Prove that the constraint set of the above planning problem is homogenous of degree
1, meaning if the sequence {ct, kt+1}∞t=0 ∈ Γ(k0), then {λct, λkt+1}∞t=0 ∈ Γ(λk0), where
Γ(k0) represents the set of feasible sequences starting from initial capital stock k0.

2. Let P (k0) denote the planning problem with initial capital stock k0. Prove that if
{c∗t , k∗t+1}∞t=0 solves P (k0), then {λc∗t , λk∗t+1}∞t=0 solves P (λk0).

3. What does this imply about the homogeneity of the value function v∗?

4. State the functional equation that corresponds to the sequence problem.

5. Let gk(k) and gc(k) be the policy functions that determine next period’s capital stock
and current consumption as a function of current capital stock. What does the result
in part 2 of this question tell about the homogeneity properties of the functions gk(k)
and gc(k)? Use these properties to show that the two policy functions are linear, i.e.,
gk(k) = ηkk and gc(k) = ηck, for some constants ηk, ηc > 0.

6. Compute ηk and ηc.

7. Show that kt and ct grow at a common rate, call it 1+g. Compute 1+g in terms of the
deep parameters of the model β, δ, A, σ. Provide a necessary and sufficient condition
on these parameters such that there is positive growth in the economy, i.e., g > 0. Is
this growth endogenous?

8. How does the growth rate of the economy change with parameters? What is the sign
of ∂g

∂A
? ∂g
∂β

? ∂δ
∂A

? ∂g
∂σ

?
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Problem 3

A Special Case of Capital Depreciation

Consider the growth model we discussed in class, but with a different capital flow. At
each period t, kt+1 units of new capital are built, and this new capital will be fully productive
in periods t+ 1 and t+ 2, after which point it fully depreciates. The production technology
is given by

yt = zf(kt + kt−1)

where z is a constant. The resource constraint of the social planner is ct+kt+1 ≤ zf(kt+kt−1).

1. Write down the optimal growth problem (social planner’s problem).

2. Show that under standard conditions, there exists a unique steady state. Specify your
conditions carefully. NOTE: Try to find just the least restrictive sufficient conditions.

3. Can this economy exhibit cycles? I.e., instead of a steady state, the economy will con-
verge to the following sequence, (co, ce, co, ce, ...) for consumption, and (ko, ke, ko, ke, ...)
for capital, where o and e denote for odd and even period respectively. Justify your
claim by providing an example or by proving that cycles are not possible.

Problem 4

Equivalent tax structures

Consider an economy with a representative firm, a representative consumer and infinite
horizon, in which the government finances a given stream of expenditure {gt}∞t=0.

1. Define a Tax Distorted Competitive Equilibrium (TDCE) in the special case in which
the only taxes present are taxes on capital income τkt and labor income τnt.

Define a Tax Distorted Competitive Equilibrium (TDCE) in the special case in which
the only taxes present are taxes on on consumption τ̃ct and labor income τ̃nt.

2. Show that given {τkt}∞t=0 and {τnt}∞t=0, there exist {τ̃ct}∞t=0 and {τ̃nt}∞t=0 so that TDCE
is the same (i.e. the real allocations are the same) in both economies, and vice versa.
Write down explicitly the formulas defining the relationship between prices and taxes
in the two economies.

3. Suppose in first economy defined: τkt = τ̄k > 0. What is limt−→∞ τ̃ct in the equivalent
second economy? Discuss the economic significance of your result.
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Problem 5

Optimal Taxation with Workers vs. Capitalists

Consider an economy with 2 representative consumers with the following endowments of
capital and time n that can be used as leisure or labor:

k10 = k0 > 0, k20 = 0,∀t : n1
t = 0,∀t : n2

t = 1

This means that agent 1 does not have any time endowment in all periods and thus cannot
work at all, we call her the capitalist. Capital depreciates at rate δ ∈ (0, 1). Agent 2 has no
initial endowment of capital and he is not allowed to accumulate capital, i.e. ∀t : x2t , k

2
t = 0.

We thus call him the worker. Preferences are the same for the two agents and are given by:

∞∑
t=0

βtu(ct, lt)

There is also one representative firm facing a time stationary CRS technology, and a
government that finances a given stream of expenditures {gt}∞t=0 by proportional taxes on
capital and labor income, i.e. the budget constraints for the two agents are:

∞∑
t=0

pt(c
1
t + x1t ) ≤

∞∑
t=0

(1− τkt)rtk1t . (2)

∞∑
t=0

ptc
2
t ≤

∞∑
t=0

(1− τnt)wtn2
t . (3)

The government is NOT required to balance its budget in every period.

1. Define the Tax Distorted Competitive Equilibrium (TCDE) for this economy.

2. Derive the non-arbitrage condition for this economy. What is the intuition for this
condition?

3. Derive the the 2 implementability conditions. Hint: for agent one, use the non-arbitrage
condition to rewrite the budget constraint as one in which the agents’ wealth only
depends on initial capital and the stream of labor endowments. State clearly the
transversality condition that you are using.

4. Prove that if an allocation satisfies the two implementability constraints and feasibility
constraint (along with two transversality conditions), then there exist taxes and prices,
such that this allocation together with taxes and prices constitutes a TDCE.
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5. Suppose τk0 ≤ 1 is given. Set up the Ramsey problem in which the government chooses
allocations directly so as to maximize the utility of the agent with no capital subject
to a feasibility constraint and the two implementability constraints.

6. Suppose there is a steady state and the economy converges to it. Show that the solution
to the Ramsey problem will have τk −→ 0. What is your intuition for this result?

Not Graded Problems

Problem 6

Effects of Taxes on Growth in the Ak Model

Consider the Ak model in question 2. Suppose government taxes consumption and capital
every period at rates {τc,t, τk,t}∞t=0.

1. Define a TDCE for this economy.

2. Suppose taxes are stationary, meaning τc,t = τc and τk,t = τk, for all t. Compute the
growth rate of consumption, 1 + g, as a function of σ, β, δ, A, τk, τc. What is the sign of
∂g
∂τc

? What is the sign of ∂g
∂τc

?

Problem 7

Effects of Taxes on Growth in the Labor-Augmenting Growth Model

Consider the growth model in question 1. Suppose government taxes consumption and
capital every period at rates {τc,t, τk,t}∞t=0.

1. Define a TDCE for this economy.

2. Suppose taxes are stationary, meaning τc,t = τc and τk,t = τk, for all t and in the
resulting equilibrium, the economy is growing at a balanced growth path rate of 1 +
γ (c, k, y all grow at this same rate). Does the growth rate depend on capital and
consumption taxes? If so, how?
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