
47802 – Fall 2015

Midterm

90 minutes

Instructions: The duration of the exam is 90 minutes. The total amount of points for

this exam is 100. You are not allowed to use books, notes, calculators etc. You can keep the

question sheet.

Question 1

Competitive equilibrium and welfare theorems. (45 points) Consider the following

infinite horizon economy. There are 2 consumers denoted by i ∈ {1, 2} with strictly in-

creasing, strictly concave and continuous period utility functions ui(cit, 1 − ni
t), where cit is

consumption and ni
t is labor of consumer i in period t. The consumers discount future utility

at rate β < 1. The consumers are endowed with an initial stock of capital ki0 and 1 unit of

total time every period. They decide how much to work, ni
t, consume, cit, and invest, xit, in

each period. Capital depreciates at rate δ.

There is also a representative firm that hires labor at rate wt and capital at rate rt to

produce the general consumption good yt, whose price is denoted by pt. The firm produces

yt ≤ F (kFt , n
F
t ), where kFt is the firm’s demand for capital and nF

t is the firm’s demand for

labor. Assume that F satisfies the usual properties (F1-F2 in class notes). In particular, F

is a constant returns to scale (CRS) production function. Because of the CRS assumption,

equilibrium profits are zero and the ownership structure is irrelevant.

1. (10 points) Define carefully the (Arrow-Debreu) competitive equilibrium for this econ-

omy.

2. (5 points) Define the set of feasible allocations for this economy.

3. (5 points) Define the notion of Pareto efficiency (optimality) for this economy.
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4. (10 points) Suppose there is only one type of consumer in the economy, i = 1. Write

down a social planning problem the solution of which coincides with the competitive

equilibrium allocation. Argue formally why the solution to this problem coincides with

equilibrium. (If you use a well-known result to make your argument, make sure to

state that result explicitly.)

5. (7 points) Suppose the interior allocation (c∗t , x
∗
t , k
∗
t , n

∗
t )
∞
t=0 solves the planning problem.

Suppose both u(·) and F (·) are continuously differentiable. Construct competitive

equilibrium price sequence (p∗t , r
∗
t , w

∗
t )
∞
t=0. (Here you do NOT need to prove that the

constructed prices are equilibrium prices.)

6. (8 points) Consider again the version of the economy with two types of consumers.

Suppose the period utility function of agent 1 is given by u1(c1t , 1 − n1
t , c

2
t ). Does the

First Welfare Theorem apply to this environment? If yes, prove it. If no, explain which

step of the usual proof of the theorem fails. (You do NOT need to write down the

whole proof).

Question 2

Monotonicity of consumption policy function. (10 points) Assume (U1-U6) and (T1-

T6) hold in the optimal one-sector inelastic labor supply growth model, that the value

function v(·) is strictly increasing, strictly concave and continuously differentiable, and that

policy correspondence g(·) is a single-valued continuous function. Prove that the consump-

tion policy function gc(k) is strictly increasing in k.

Question 3

A cake eating problem. (45 points) Consider the following dynamic maximization prob-

lem. A consumer is endowed with k0 > 0 units of a general good (cake). He can either

consume it of store it for the future. The net return on storage is 0, and hence, we can write
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the budget constraint in period t as ct + kt+1 = kt. Utility over streams of consumption

{ct}∞t=0 is defined by
∑∞

t=0 β
t log ct. Assume that β ∈ (0, .5) and k0 > 2.

1. (5 points) Formulate the sequential maximization problem.

2. (5 points) Derive the Euler equation.

3. (10 points) Show that a sequence {ct, kt+1}∞t=0 defined by ct = βt, kt+1 = kt−βt satisfies

the Euler equation, the budget constraint ∀t and also implies that ct, kt ≥ 0,∀t.

4. (10 points) Is this sequence the true solution to the problem? If so, argue formally

why. If not, argue formally why not and compute the true solution.

5. (7 points) Write down the functional equation (Bellman equation) that corresponds to

the sequence problem you specified in part 1 of this question.

6. (8 points) Consider the value of the sequence problem v∗ under the true solution you

have from part 4. Does this value function HAVE TO satisfy the boundary condition

of Theorem 4.3. in SLP? Why or why not? (State the boundary condition explicitly).

This version: November 30, 2015 3 Prof. Hakki Yazici


